TaBLE 1. ComparIisoN oF CoLuMN REACTOR
wITH PLuG-FLow REACTOR

Mole ratio in

feed water to Selectivity®
oxide Column Plug flow
1.0 0.881 0.382
2.33 0.917 0.668
9.0 0.886 0.900
20 0.900 0.960

® Selectivity is defined as moles of monoethylene glycol/total moles
of glycol.

higher and lower relative volatilities were used.

The convergence was measured by taking a material
balance over the column for each component. When a
material balance closure was within 1%, the solution was
accepted. The relative rate constant « was obtained from
data in the literature (2).

The results of this analysis are shown in Table 1 where
they are compared with the results to be expected in a
plug-flow and in a continuous stirred-tank reactor. It can
be seen from Table 1 that at mole ratios of water to ox-
ide greater than 2:1 (mole fraction of B greater than
0.7 in Table 1), the plug-flow reactor gives superior per-
formance, and at mole ratios of 9:1 or greater, both the
plug-flow and the continuous stirred-tank reactor give
superior performance, The distillation column is superior
only at low feed mole ratios.

At first it might be assumed that the greater the rela-
tive volatilities among the components of the system, the

better the distillation column would work. However, this
is not the case. Let us consider the extreme cases in a
qualitative manner. If all four components had the same
volatilities, there would be no separation at all in the col-
umn, the composition on all plates would be the same,
and the system would tend to behave like a continuous
stirred-tank reactor.

In the opposite case of infinite relative volatility, there
would be immediate separation and the components could
contact each other only on the feed tray. The system
would behave as a single continuous stirred-tank- reactor.
The patent is concerned with only intermediate cases.

The relative volatilities were calculated by taking the
ratio of the vapor pressure of each pure component at
40°C. to the vapor pressure of B at 40°C. The use of
relative volatilities eliminates the need to know the pres-
sures and temperatures in the distillation column to make
the separation calculations, since it is assumed that rela-
tive volatility is independent of pressure and temperature.
It was also assumed, in order to simplify the calculations,
that the reaction rate constants were independent of tem-
perature and pressure. In all cases only three theoretical
trays were required because of the high relative volatili-
ties.

Simulation of a distillation column reactor on a 7094
computer has shown that it will not exceed the perform-
ance of a tubular or continuous stirred-tank reactor oper-
ating at high ratios of water to ethylene oxide in the feed.
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The Use of Green’s Functions in the Solution of a Convective

Diffusion Equation: Application to a

The diffusion equation with a constant mass flow term
to account for bulk transport of heat or chemical species
occurs in many practical problems, such as in heat trans-
fer in fuel cell batteries, in chromatographic work with
appreciable diffusion in the direction of flow, and in dis-
persion studies in fluids with and without reaction. The
methods of solving these problems include the classical
separation of variables method, the Laplace and Fourier
transform operational methods, and the moving source
technique discussed by Carslaw and Jaeger (1). The com-
plexity of some of these problems, especially those in three
dimensions, is such that it is desirable to Kave additional
simplifying techniques.

The principal simplifying technique for the usual dif-
fusion equation widely used in heat transfer is the product
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theorem due to Newman (I, 2). Recently the construc-
tion of three-dimensional solutions from one- and two-
dimensional problems was extended by Goldenberg (3).
For the case of the diffusion equation with a linear term,
for example, for diffusion with a first-order reaction, the
transformation of Danckwerts is useful (I, 4). In this
paper it is shown how a change of the dependent variable,
similar to that employed in the Danckwerts method, to-
gether with the tabulated Green’s functions for the simple
diffusion equation, can rapidly lead to many new solutions
of the convective diffusion equation with a constant
velocity. Then various product properties useful for ana-
lytical and graphical representations of two- and three-
dimensional problems are established for the general, sec-
ond-order, parabolic partial differential equation with
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constant coefficients. To call attention to its utility, the
¥nethod will be illustrated with examples having practical
importance in heat transfer in fuel cell batteries.

REDUCTION TO THE DIFFUSION EQUATION

The partial differential equation for the temperature
distribution in a rectangular fuel cell battery has been de-
rived by Gidaspow and Baker (5). For the purpose of this
paper it will be written in a somewhat different dimen-
sionless form (6). The coordinates are chosen to cor-
respond to those for Green’s function given in paragraph
14.3 in reference 1. The unsteady state energy balance for
a constant rate of heat generation becomes

oT &T &T &T aT
+ —Npe;+8 (1)

ot a2 Y2 a2

To solve boundary value problems by Green’s func-
tions, let
;(t, %, Y, 2)
1 1
= v(t, x, Y, 2) exp [—é- Npe z——Z—NpeZ t ] (2)
Simple differentiation shows that the partial diﬂerenfial

equation for v becomes the diffusion equation with a time-
and position-dependent source.

dv 920 % d%v

-+
ot dx? dy? + 022

1 1
+ 8exp [——2—Npez+z’NPe2t] (3)

~ 9BGe%Npez X 2 X
T-="—3>33

1=0 m=0n=0

2l+ Lax | 2m+ Day |
sin

The transformed boundary conditions remain of the same
type and homogeneous in v, except for the boundary
condition given by Equation (4). In this boundary con-

dition the nonhomogeneous term is — Np,Tx exp
[ %4 Np.2t]. The solution for v by the method of Green's
functions (1, 7) can be written for zero initial tempera-
ture distribution as

v=8f0t dt'J;l foaz j;al exp[ —;—Npez'
1

+ T Np? t’] ‘G, y, 54, y, 2, t— V)dedydz

~ t ag a 1
+NPBTA‘£ dtlj(: j;lexp[z-Npezt’]
"Gx,y, 20, y,0,t—¢)dedy  (7)

The Green’s function G is given as a product of the
Green’s functions given by Equations (2) and (5) in
reference 1, p. 360. It can be written as

Gy, z:0,¢, 2, t—t) = G (x; %, t — V)
CGa(y; y,t—¥) Ga(z 7, t—¥)  (8)

This product property of the Green’s functions makes the
integration simple and leads to the possibility of express-
ing certain multidimensional problems in terms of one-
dimensional problems. Since the solution to the boundary
value problem has been reduced to simple integration
and since the final formula is quite long, only the limiting

case of infinite Biot numbers and zero T4 will be explicitly
shown here. With all six faces at zero reduced tempera-
ture, the Green’s function, G in Equation (7), is given
explicitly in reference I in paragraph 14.5 by Equation
(1). Integration and rearrangement yield the following
relatively simple expression for the temperature:

(2n 4+ 1) sin
a3

sin (2n + 1)z
Gy

1 1
[ (2n + 1)2 72 + Z-Npez] (2m + 1) (2l + 1) ( amnt Z—Npez)

Now it is clear that this partial differential equation can
be solved by the standard method of Green’s functions
(1, 7). The Green’s functions are tabulated in reference
1 for the three basic types of Sturm-Liouville boundary
conditions for the rectangular parallelipiped and for the
cylinder.

To illustrate the technique, consider a specific example
of importance in fuel cell heat transfer. If the inlet tem-
perature of the gases entering the battery at its bottom
face is varied, the top face loses heat by convection with
a finite resistance to heat transfer to surroundings at Ty
and the other four walls are at T, the boundary condi-
tions expressed in dimensionless form are:

oT - -
a—z—=(NBib+NPe)T—Npe‘TA at z=0 (4)
T ~
‘3—=—NB,'¢T at z=1 (5)
9z

;=0atx=0anda1,y=03nda2 (6)
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C[1l— (= 1)2+1e=%Npe][1 — e~ @mn * % Npe2t]  (9)

where

2+ 1) (@m1)

+ (2n+1 2]
D v ( )

(10)

For Npe = 0 Equation (9) reduces itself to Equation (5)
in reference 1, p. 363. The steady state temperature dis-
tribution is obtained by letting ¢ approach infinity which
yields Equation (9) with the exponential involving time
set equal to zero. The expression thus obtained is some-
what easier to program for a digital computer than the
previous expression obtained by Gidaspow and Baker
(5), even though it involves a triple series in place of
double series. The main advantage of this method, how-
ever, is the relative ease with which this technique yields
expressions for temperature distributions. It should be
emphasized that it was much easier to solve the unsteady
problem and then reduce it to the steady state than it was
to obtain the steady state solution directly.

If the unsteady temperature distribution is desired
after a change of the electrical load of the battery and if
the initial distribution was f(x,y, z), then the tempera-
ture will be that given by Equation (9) plus an expression
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of the type given in reference I, p. 362, Equation (2)
with f(«’, ¢, ) multiplied by exp[— % Np.(z" —z)].

THREE-DIMENSIONAL FROM ONE- AND
TWO-DIMENSIONAL PROBLEMS—WITH SOURCE

A further advantage of the use of Green’s functions
for solution of problems of this type emerges from their
product property. The temperature distribution in the
parallelepiped with a constant rate of heat generation and
zero reduced wall temperatures or zero ambient tempera-
ture can be expressed as follows:

~ ¢ 1 1
T=28 j; dt’j; exp[ —2—Npe(Z——z’)

—%Np}(t—t’) ] Gs(z; 2\t —¥) dz

f"i} ’ j‘“l ’ ’
: o Gg(y,y,t—t/)dy’ o Gl(x;x,t——t')dx (11)

It can now be observed that each integral over a spatial
coordinate represents a solution to a homogeneous one-
dimensional boundary value problem with a unit initial
temperature distribution. The solution to

8¢ 0%

Tyl (12)

with
. ¢1(07 t) = 0’ ¢1<al: t) = O and 951(75, 0) = 1 (13)
15

st = f Gl v, nav (14)

Similarly, the integral over y” in Equation (11) represents
the solution to the one-dimensional diffusion equation for
¢» with homogeneous boundary conditions and with unit
initial temperature.

ag
wign=§" Gy 05

The solution to the one-dimensional convective diffusion
equation

dds %y ds

= — Npe — 16

ot 9z2 P 0z (16)
with

#3(0,¢) =0, ¢3(1,t) =0 and ¢3(2,0) =1 (17)

is
1 1 1
#3(z, t) =J; exp[ —2—Npe(z—z') —-4—NPe2(t)]
Gs(z; 2, t)dz  (18)

Therefore the temperature distribution in the rectangular
parallelepiped with a constant rate of heat generation and
with zero surface temperatures can be expressed as the
integral of the product of the one-dimensional problems
given above.

—~ 4
T=8 f ti(nt—t) daly.t—¥) - dolmt—£)d¥
(19)

It is evident that this representation is valid for Np, = 0.
The author is unaware fiat it had ever been given in the
literature even for this reduced case, that is, for heat gen-
eration with pure conduction. It is also clear that each ¢;
can satisfy a more general linear partial differential equa-
tion. This will be illustrated in a later section of this
paper. Furthermore, the representation of the type given
by Equation (19) is valid for time-dependent heat gen-
eration, as seen by inspection of Equation (11). The
time-dependent function simply multiplies the ¢;'s under
the integral sign in Equation (19). Thus, for example, if
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¢4 is the solution to the cooling problem of a right infinite
cylinder with an arbitrary cross section from an initial
temperature of unity and with boundaries held at zero,
the solution to the heat generation problem for the finite
cylinder becomes

T=8f o) tslet—t) dultnt—1) de (20)

where g(t’) is the normalized time-dependent heat gen-
eration rate. Such solutions may be useful in cylindrical
flow reactors.

WITH NONHOMOGENEOUS BOUNDARY CONDITIONS

To make representations of the type given by Equation
(19) most useful it is necessary to extend them to non-
zero surface or ambient temperatures. If an integral repre-
sentation in terms of simpler problems is given for the
homogeneous equation with all but one face at a nonzero
surface temperature, then an application of the superposi-
tion principle will give ‘the solution to the completely
nonhomogeneous boundary value problem. This was il-
lustrated in the previous section for the case of one ambi-
ent temperature equal to a nonzero value. By referring

to that example it can be seen that T can be written as
follows:

~ ~ 1 1
To=Np.Ta j; exp [?NPez——Z‘NPeZ(t“'t’) ]
Gs(2;0,¢—¢) dt’ -

ag aq
J; Gz(y;y’,t—t’)dy'_,; Gi(x; o, t—¢) dx (21)

It can be seen from Equations (14) and (15) that the
second and third integrals in the above equation are
simply ¢, and ¢;, respectively.

Let @ be the solution to the boundary value problem
governed by the one-dimensional convective Siffusion
equation, Equation (16) and the boundary conditions of
the type given by Equations (4) and (5) with a zero
initial temperature distribution. The solution for @ is ex-
pressed by

@(z,t) =
—~ t 1 1
Npe Ty j; exp[ '_Q,‘NPez—TNPez(t_t’) ]
Calz 0, t— ) dv  (22)

The time derivative of this expression is the quantity un-
der the integral sign over ¢ in Equation (21). This is easy
to see by noting the form of Gs. Only an exponential of
time is integrated in Equation (22). Therefore T, can be
expressed as follows:

. L Y
(23)

This representation is valid for the nonhomogeneous
boundary condition of either Dirichlet or convection type.
A similar result for the case of the simple diffusion equa-
tion was derived by operational methods by Goldenberg
(3). Again this type of representation is valid for a general
parabolic partial differential equation with constant coeffi-
cients and for cylindrical regions in the sense discussed in
the previous section.

WITH INITIAL TEMPERATURE OF PRODUCT TYPE

The solution to the homogeneous convective diffusion
equation with homogeneous boundary conditions but with
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an initial temperature distribution given by f(x, y, z) can
be expressed by

~

1 1
T= exp [—ENpez——ZNpezt] *

1 ag ay 1
J; j(: , F(&.¢,%) exp [——2—NpeZ’]
Gx,y, 2.y, 2, t)dx' dy dz  (24)

The Green’s functions are factorable into a product of
three functions of «’, i, and 2’ for the basic three Sturm-
Liouville boundary conditions. Then if and only if

f(xy,2) = fu(x) * faly) - fs(3) (25)

; can be expressed as the product of three integrals shown
below,

= 1 1
T=j; f3(z’) exp[?Npe(z—z’)—Z-Npezt]
’ 4 62
Golss 4, 0) d2 - J* faly) Galys o, 2) dyf

'j;al file’) Gi(x; ', 1) dx’ (26)

The first integral is the solution to the homogeneous con-
vective diffusion equation with homogeneous boundary
conditions and with an initial temperature distribution
given by fz(z). The second and third integrals are the
solutions to the corresponding simple one-dimensional dif-
fusion equations with initial distributions given by fa(y)
and f(x), respectively.

The existence of such a product solution for the simple
diffusion equation was first pointed out by Newman (2)
and is derived in reference 1, pp- 33-35, by a different
method. The Green’s function method used here permits
one to make generalizations more readily. For example,
the product solution for a finite cylindrical region holds
for convective flow in the z direction. The product prop-
erty can be used in both analytical and numerical work.
To use this property numerically it is necessary to con-
struct charts for the one-dimensional convective diffusion
equation with, for example, a unit initial temperature.
T(}lese can then be used in the usual manner to obtain
temperatures with conduction and convection in two or
three directions.

MORE GENERAL PARTIAL DIFFERENTIAL EQUATIONS

The change of the dependent variable used in the
Danckwerts transformation, together with that given by
Equation (2), shows that the more general parabolic
second-order partial differential equation with constant
coefficients can be transformed into a diffusion equation.
Thus

du  d%u ou
— = —— Np, — + Au (27
ot o2 oz (27)
is transformed into
w  FPFw
ot 922 (28)

by means of

1
% = W exp [-;—Npez——( —ZNP,}—A)t ] (29)

Equation (29) makes it clear that the Green’s function
techniques and the integral representations of two- and
three-dimensional solutions in terms of simpler problems
can be applied to the two- and three-dimensional versions
of Equation (27). This is clear from the fact that % Np.?
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needs merely to be replaced by %Np,2 — A. It is there-
fore possible to obtain quickly many solutions to

du f du
5 = Vu 2 O +nA (30)

=1

where P; and A are constants, any of which may be zero,
and n is the number of dimensions. The recent widespread
use of computers in engineering work has made these ap-
parently complex solutions practical.

NOTATION
(27 (257 .\/_k_ . .

a4 = —j0y=-— —, dimensionless
aza aza k,

@14, G24, G3a = actual thickness, width and height of bat-
tery, ft.

Cp, = heat capacity of gases at constant pressure, B.t.u./
(Ib.) (°F.)

Cye = heat capacity of the battery, B.t.u./(Ib.) (°F.)

G = Green’s function; also mass flow rate per unit of
total area, lb./(hr.) (sq.ft.) when used in defin-
ing N Pe

h = heat transfer coefficient, B.t.u./(hr.) (sq.ft.) (°F.)

k = effective thermal conductivity of the fuel cell bat-
tery in the direction of flow, B.tu./(hr.) (ft.)
(°F.)

k, = effective thermal conductivity in the direction
perpendicular to cells, B.t.u./(hr.) (ft.) (°F.)

GCp aza . .
Npe = Peclet number = ————, dimensionless
hya

Ngiv, Npit = Biot number at bottom and top = bkaA,

heaza
k

S = surface

T = temperature, °F.

T = wall temperature, °F. \

~ a

T = dimensionless temperature = (T — T.) ¢83;;C

kr

t = dimensionless time = ————

PBCpBa3A2

\% = volume

x, Yy, z = dimensionless space coordinates = xa/aza,
Ya T 3A .
== —, —, respectivel
asa k. asa P y

x4, Ya, 24 = space coordinates, ft.

V] = rate of heat generation per unit volume of bat-
tery, B.t.u./(br.) (cu.ft.)

PB density of the battery, 1b./cu.ft.

T
’

time, hr.
dimensionless source coordinates
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